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New formulations and solution approaches for train eco-driving problems

Zhuang Xiao®, Hongbo Ye** Edward Chung?®

“Department of Electrical and FElectronic Engineering, The Hong Kong Polytechnic University, Hong Kong SAR,
China

Abstract

This paper investigates solution methods for train eco-driving problems that include the clas-
sic single-train eco-driving problem, the single-train eco-driving problem with intermediate time-
window constraints, and the eco-driving problem for a fleet of trains under the green-wave policy.
The latter two problems are particularly relevant in modern, busy railway networks. We start from
proposing a relaxed continuous optimal control formulation for the classic single-train eco-driving
problem and rigorously prove that the relaxation is exact. To solve this relaxed optimal control
problem, we use the direct method by discretizing the independent variable in the problem and
converting the problem to a nonlinear program, where the latter can be effectively solved to ex-
act solutions. To further enhance the computational efficiency, we introduce valid inequalities for
the nonlinear program. Numerical experiments are conducted to demonstrate the performance of
our proposed method in terms of solution quality and computing time, which shows that our pro-
posed method outperforms benchmark direct methods in solving the classic single-train eco-driving
problem. Furthermore, we extend our proposed method to solve the other two aforementioned
more complicated but practical eco-driving problems, and our proposed method can deliver exact

solutions for the formulated nonlinear nonconvex programs within reasonable computing time.

Keywords: Train eco-driving; Optimal control problem; Direct method; Exact solution;

Intermediate time-window constraint; Train-fleet eco-driving under green-wave policy.

1. Introduction

Railway is an important mode of transport due to its high capacity, punctuality and sustain-
ability. Nonetheless, the energy consumption of railway systems is substantial worldwide, especially
as railway networks continue to expand rapidly. More than 50 % of the energy used in railway
operations is consumed by train traction systems (Gonzalez-Gil et al., 2014). To reduce the en-
ergy consumption of train traction, eco-driving is widely recognized as an effective measure, as
this consumption is mainly determined by train driving strategies (Luijt et al., 2017). The most
energy-efficient driving style that satisfies realistic operational constraints between two stops can

be found by solving train eco-driving problems.
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The simplest train eco-driving problem investigated a train running on a flat track with uniform
speed limits (Ichikawa, 1968). To comply with real-world situations, more practical conditions and
constraints, such as varying track gradients, varying speed limits, and nonlinear train characteristics,
have been considered (see, e.g., Yang et al., 2016; Scheepmaker et al., 2017, for a review). We refer
to such a practical problem as the “classic” single-train eco-driving problem.

In modern busy railway networks, train operations are frequently interfered with. The eco-
driving problem has been extended to cope with the interference. These extensions can be summa-

rized into two categories according to the type of interference:

e One category is to incorporate time-window constraints into the single-train eco-driving prob-
lem. These constraints are used to model crossing-time requirements at critical positions on
the track (such as signals, intersections and passing loops) (Wang and Goverde, 2016; Haahr
et al., 2017; Liebhold et al., 2023; Ying et al., 2023; Zhou et al., 2023), ensuring that trains

can pass these critical positions without collision.

e The other category is to simultaneously optimize the speed profiles of a fleet of trains. In a
busy railway network, a train can be blocked by another train ahead and thus be prevented
from applying its own optimized eco-driving speed profiles. Considering this, it would be
beneficial to simultaneously optimize the speed profiles of a fleet of trains to coordinate their
movements, while ensuring safe separations between them (Wang et al., 2014; Ye and Liu,
2016; Albrecht et al., 2018; Howlett et al., 2023).

Although different methods have been proposed to solve the above-mentioned eco-driving prob-
lems, so far, as will be revealed by the literature review below, these methods either cannot guarantee
to deliver exact solutions or require excessively long computing time. The objective of this paper
is to develop new formulations and solution approaches to effectively and efficiently solve these
eco-driving problems (for a single train without or with time-window constraints, or for a fleet of
trains). Meanwhile, the solution method should account for practical track conditions (such as vary-
ing gradients and varying speed limits) and realistic train characteristics (such as that the running
resistance and traction/brake capacity are dependent on speed), so as to ensure that the optimized
driving strategies can be implemented in practice.

Before presenting our work, in the following sections, we first provide a brief summary of the
literature on the solution methods to various train eco-driving problems, including the classic single-

train eco-driving problem (Section 1.1) and the more complicated but practical ones (Section 1.2).

1.1. Solution methods for the classic single-train eco-driving problem

The classic single-train eco-driving problem is usually formulated as a continuous optimal control
problem (OCP), and the OCP is solved to obtain speed and control profiles that can be used to guide
train operations. In the literature, there are two main types of methods to solve the continuous
OCP: indirect methods and direct methods.

The indirect methods, using Pontryagin’s maximum principle, first analyze the optimality con-

ditions of the OCP to derive the analytical properties of the optimal control modes for eco-driving,
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and then design numerical algorithms to calculate the sequence and switching points of these modes
(Khmelnitsky, 2000; Liu and Golovitcher, 2003; Albrecht et al., 2016a,b). While indirect methods
are effective in solving the classic single-train eco-driving problem, they are challenging to be ap-
plied to more complex eco-driving problems (e.g., the single-train eco-driving with time-window
constraints and the coordinated eco-driving of a fleet of trains), since each new problem requires
sophisticated analysis of the optimality conditions and customized design of numerical algorithms,
which is usually very difficult (Albrecht et al., 2018; Howlett et al., 2023).

Different from the indirect methods, the direct methods discretize the independent variable (and
sometimes the state variables) of the continuous optimal control problems and convert the latter
into nonlinear programs (NLPs) or graph formulations. The direct methods can be further divided

into the following four categories:

e The first category directly solves the nonconvex NLPs using off-the-shelf solvers, such as
the pseudospectral method (Wang et al., 2013; Wang and Goverde, 2016; Ye and Liu, 2016;
Goverde et al., 2021) and the direct multiple shooting method (Kouzoupis et al., 2023). Due
to the limitations of the solvers (Wéchter and Biegler, 2006) and the nonlinear programming

formulations, these methods can only deliver locally optimal solutions.

e The second category converts the nonconvex NLPs, via approximation, into other forms that
can yield exact solutions, such as mixed-integer linear programs (MILPs) (Wang et al., 2013;
Wu et al., 2018; Wei et al., 2022) and convex programs (CPs) (Yazhemsky et al., 2019; Xiao
et al., 2023a). Specifically, the mixed-integer linear programming methods use piecewise-linear
functions to approximate the nonlinear functions in the original nonconvex NLPs, and the con-
vex programming methods approximate the speed-dependent nonconvex force constraints to
linear constraints. Although exact solutions of the resultant MILPs and CPs can be obtained,
due to the approximation errors introduced in the process of converting the original NLPs to
the MILPs and CPs, such exact solutions may only be sub-optimal to the original nonconvex
NLPs.

e The third category converts the nonconvex NLPs, via relaxation, into CPs that can be solved
to exact solutions (Lu et al., 2022; Ying et al., 2023; Feng et al., 2024). However, these exact
solutions may not be feasible to the original NLPs, because the feasible region is enlarged

during the relaxation (a counter example is shown in Section 3.3).

e The fourth category discretizes both the independent variable and the state variables to con-
struct graph formulations, such as the space-speed graph (Franke et al., 2000; Ghaviha et al.,
2017; Haahr et al., 2017; Zhou et al., 2023) and the space-time-speed graph (Zhou et al.,
2017; Wang et al., 2021), which can be solved by (tailored) dynamic programming. How-
ever, these methods face a trade-off between approximation error (due to discretization of the
state variables) and computation burden: when the discretization of the variables is finer,
the approximation error is smaller (and thus the solution quality may be higher), but the

computation burden will significantly increase.
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Besides the indirect methods and direct methods, many customized heuristic methods have also
been used/developed to solve the classic single-train eco-driving problem, such as reinforcement
learning (Yin et al., 2014; Zhao et al., 2022), a nonlinear programming approach based on closed-
form expressions (Ye and Liu, 2017), and coasting control (Chang and Sim, 1997; Xiao et al., 2021).
These heuristic methods enable real-time computing, but cannot guarantee to deliver exact solutions

for their formulations.

1.2. Solution methods for more complicated but practical train eco-driving problems

In busy railway networks, in addition to the arrival/departure time constraints at two ends of
a journey, some intermediate constraints may also exist. For example, a train may be required to
arrive at (and pass through) certain intermediate locations within specified time windows (Wang
and Goverde, 2016; Haahr et al., 2017; Zhou et al., 2023). Various direct methods, such as the pseu-
dospectral method (Wang and Goverde, 2016), a dynamic programming based heuristic approach
(Haahr et al., 2017) and a shortest path algorithm (Zhou et al., 2023), were developed to solve the
single-train eco-driving problem with such time-window constraints. However, these methods face
the same limitations as those methods used for solving the classic single-train eco-driving problem.

For a fleet of trains running on the same track in the same direction, the eco-driving problem
faced in this situation is to find energy-optimal speed profiles for all trains in the fleet compatible
with signal constraints. Specifically, in a fixed-block signaling system, each block can accommodate
at most one train at any one time. The signal constraints of the fixed-block signaling are mainly
represented as two policies: the fixed-time-headway policy (Zhou et al., 2017) and the green-wave
policy (Wang and Goverde, 2016). Under the fixed-time-headway policy, a minimum time headway
must be maintained between two successive trains. Under the green-wave policy (Corman et al.,
2009), a minimum space headway must be maintained (by keeping a certain number of signal blocks
empty) between two successive trains, so that all trains experience only green signals throughout
their journey.

To solve the coordinated eco-driving problem of a fleet of trains under the two policies of a fixed-
block signaling system, various methods have been applied. On the one hand, indirect methods
(based on Pontryagin’s maximum principle) have been used to solve the problem with the green-
wave policy (Albrecht et al., 2018; Howlett et al., 2023). The problem is decomposed into multiple
single-train eco-driving problems with prescribed time-window constraints, and the optimal driving
strategy for each train is derived. To generate optimal speed profiles for all trains in the fleet,
heuristic algorithms are designed for the situation of level track (Howlett et al., 2023). There is still
a lack of algorithms/methods that can handle either varying gradients or varying speed limits. On
the other hand, direct methods have been adopted for the fixed-time-headway policy (Zhou et al.,
2017; Wang et al., 2021). However, the shortcomings of these direct methods persist in terms of

solution quality and computing time.

1.3. Paper contribution
This paper employs direct methods to solve the various eco-driving problems mentioned above.

It develops new solution methods that can obtain exact solutions of the nonconvex nonlinear pro-
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gram (NLP) for the classic single-train eco-driving problem within a reasonable computing time,
and extends these new methods to some more complicated but practical eco-driving problems. In
comparison with the existing methods, the main contributions of this paper are highlighted as

follows:

e For the classic single-train eco-driving problem, we propose an alternative/relaxed optimal
control formulation and rigorously prove that the proposed relaxation is exact, i.e., the relaxed
OCP yields the same optimal solution as the original OCP, which enables us to apply direct
methods to discretize the relaxed OCP to an NLP and efficiently solve the NLP to exact

solutions.

e We develop valid inequalities for the NLP to further enhance the computational efficiency.
Numerical experiments are conducted to evaluate the performance of our proposed method
in terms of solution quality and computing time. The results show that our proposed method

outperforms the benchmark direct methods.

e We extend our proposed method to deliver exact solutions of the NLPs for some more com-
plicated but practical eco-driving problems, such as the single-train eco-driving problem with

time-window constraints and the eco-driving problem for a fleet of trains under the green-wave

policy.

The remainder of this paper is organized as follows. Section 2 presents the classic single-train eco-
driving problem. In Section 3, we propose our new direct method for solving the classic single-train
eco-driving problem. Sections 4 and 5 extend the proposed method to solve the single-train eco-
driving problem with time-window constraints and the eco-driving problem for a fleet of trains under
the green-wave policy, respectively. Numerical experiments are presented in Section 6. Finally,

Section 7 concludes the paper.

2. Classic single-train eco-driving problem

In this section, we introduce the basic formulations for the classic single-train eco-driving prob-
lem. In Section 2.1, we present an optimal control formulation that uses speed and clock time as
state variables, whereas in Section 2.2, an optimal control formulation with kinetic energy per unit
mass and clock time as state variables is presented. In Section 2.3, we demonstrate how to recast

the two optimal control formulations as NLPs via location discretization.

2.1. Optimal control formulation with speed and clock time as state variables

In this part, we present a widely-used optimal control formulation for modeling the classic single-
train eco-driving problem, which uses train location s as the independent variable, with train speed
v(s) and clock time t(s) at location s as state variables (Howlett, 2000; Liu and Golovitcher, 2003;

Albrecht et al., 2016a). The longitudinal movement of a train is described as follows:

Quls) _ Fls) = Bo(s)) — C(s) .
ds m - v(s) (1a)




=— (1b)

181 where m represents the train mass, F'(s) is the force applied at wheels at location s (positive for

1

[

> traction and negative for braking), R(v(s)) is the running resistance under speed v(s) at location s,

153 and G(s) is the force caused by gradients at location s. Specifically, the running resistance R(v(s))

19
[

184 takes the following Davis’ form with ¢y, ¢; and co being positive coefficients,

®

R(v(s)) = ¢ + c1v(s) 4 cov?(s) (2)
155 and the gradient-related force G(s) is calculated as
G(s) = mgsin(a(s)) (3)

186 where g is the gravitational acceleration and «(s) is the track gradient at location s.

[

187 The train can adjust its velocity in an allowable range:

€ < v(s) < Umax(s) (4)

1

0

s where vpax(s) is the legal upper speed limit at location s, and € is a small positive value to avoid

1

@

o singularity in (1). In this paper, we set € as 0.1 m/s.

190 Due to the physical characteristics of the train traction and braking systems, the force F' that
101 the train can apply is restricted by the minimum force Fini, (< 0), the maximum force Fiax (> 0),
12 the minimum power P, (< 0) and the maximum power Ppax (> 0) (which are all constants).

193 These constraints are expressed by the following relations:

Frin < F(S) < Frax (5&)
Poin < F(S)U(S) < Pmax (5b)
194 The goal of the eco-driving problem is to drive a train from a given position Sy to a given

1

©

s position Sy within a predefined trip time 7', while minimizing net energy consumption. The classic

106 single-train eco-driving problem can be formulated as the following OCP:

©

St

min FT(s)ds (6a)
So
s.t. (1), (2), (3), (4), ( ), Vs € [So, St (6b)
v(Sp) = Vo, v(St (6¢)
t(Sr) = t(So) < T (6d)
s), if F(s)>
FT(s) = max (F'(s), megF(s)) = Fls) F(s) 20 (6e)

MregF(s), if F(s) <0

17 where Vy and V; are the initial velocity and final velocity, respectively; 7w € [0,1) denotes the

108 proportion of braking energy that are reused; and FT(s) is the “equivalent net force” used to



199 compute the net energy consumption. Due to the minimization in (6a), the non-smooth constraint

2

[=3

o (6e) can be replaced by the equivalent constraints (7a) and (7b) below:

Ft(s) > F(s) (7a)

O I0) (7b)

201 Finally, the OCP of the classic single-train eco-driving is summarized as follows (named OCPy):

202

St

OCP,: min / F*(s)ds (8a)
So

s.t.(1),(2),(3),(4), (5),(7), Vs € [So, 5] (8b)

(6¢), (6d). (8¢)

203 2.2. Optimal control formulation with kinetic energy per unit mass and clock time as state variables
204 In Khmelnitsky (2000), the kinetic energy per unit mass, i.e., £ = %, was introduced as a state

205 variable to replace v. The constraints (1)-(3) then become

dE(s) F(s) —2cE(s) — c1\/2E(s) — co — mgsin(a(s))

ds m (%)
dt(s) _ 1 . (9D)
ds 2E(s)
200 And the problem OCP is reformulated as the following OCP (named OCPg):
St
OCPy : min/s0 FT(s)ds (10a)
s.t. (5a), (7), (9), Vs € [So, St (10b)
(6d) (10c)
€2 < E(s) < vax(s)/2, Vs € [So, 5] (10d)
Prin < F(5)V/2E(s) < Prax; Vs € [So, St] (10e)
E(So) = V5 /2, E(S;) = Vi/2. (10f)

207 2.8. Nonconvex nonlinear programming models of the classic single-train eco-driving problem

208 Direct methods have been employed to solve the OCP,, and OCPg, by recasting these optimal
200 control problems as NLPs via the discretization of the independent variable (i.e., location s), where
210 the resultant NLPs can be solved to obtain the eco-driving strategies. To do so, the entire journey
a1 is divided into N segments by choosing a set of discrete locations sg, with Sy = s < 51 < -+ <
22 sy = Sp. Denote Asy = s — sk—1, k € {1,2,--- , N}. At location s, denote the train speed, clock
213 time, track gradient, upper speed limit, force applied and equivalent net force as vy, tx, 0, Vmaxk,

+ Fpand F ,j , respectively. The OCP, can then be converted to the following NLP (named NLP,):

2

[t

N
NLPy : min ZF;Ask (11a)
k=1
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v —vp—1  Fr — v} — crup — co — mgsin(ay,)

s.t. Ae o , Vk e {1,2,--- ,N}  (11b)
Mzi, Vk e {1,2,--- ,N} (11c)
Asy Vi
Frin < Fi < Frax, Vk e {1,2,--- ,N}  (11d)
Prin < Frug < Prax, Vke{1,2,---,N}  (lle)
€ < Uk < VUmax ks Vk e {1,2,--- N} (11f)
Er > F, Vke{1,2,---,N}  (1lg)
Fif > hreg F, Vke{1,2,--- N}  (11h)
in—tlo<T (11i)
vo = Vo, vy = V4. (115)

The problem NLP, is nonconvex due to: (i) the equality constraint (11b) with the nonlinear term
Fy,—co—mgsin(ay,)
Vi

constraint in (1le) with the bilinear term Fjvy. Yazhemsky et al. (2019) directly solved the NLP,
using the NLP solver IPOPT (Wichter and Biegler, 2006), which can only provide locally optimal
solutions. Ghaviha et al. (2017) solved the NLP, using a dynamic programming approach, which

, (ii) the equality constraint (11c) with the nonlinear term i, and (iii) the inequality

needs to discretize the state variables and introduces further approximation errors, yielding only
sub-optimal solutions to NLP,,.

By applying the same discretization approach, the OCPg can be converted to the NLPg below:

N
NLPg : min ZF,:FAsk (12a)

k=1
s.t. (11d), (11g), (11h), (11i) (12b)
Ek—Ek,1 _ Fk—202E;€—61\/2Ek—C()—Tn,gSlIl(Oék)7 Vk € {1’27.“ ,N} (12C)

Asy, m
t —thq 1

= 75 vke{l,2,--- N 12d
PminSFk‘ 2Ek§PmaXa Vk€{1,2,,N} (126)
62/2 < Ep < vl?nax,k/Q’ Vk € {1>2, T aN} (12f)
Ey=Vg/2, Ex = V{/2 (12g)

where E}, is the kinetic energy per unit mass at location s;. The problem NLPg is also nonconvex due
to: (i) the equality constraint (12c¢) with the nonlinear term c1y/2Ey, (ii) the equality constraint
(12d) with the nonlinear term ﬁ, and (iii) the inequality constraint in (12e) with the term
Fi\/2E). To eliminate the nonconvexity in NLPg, Wang et al. (2013); Wei et al. (2022); Xiao et al.
(2023b) assumed ¢; = 0 to remove the term ¢14/2F) in (12¢). Wang et al. (2013); Wu et al. (2021)
employed piecewise-linear approximation to handle the nonlinear term \/J?k in (12d). Xiao et al.
(2023a) used linear approximation to address the nonlinear term Fj+/2E}, in (12e). However, all of

these methods introduce approximation errors, leading to sub-optimal solutions to NLPg.
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To the best of our knowledge, no direct methods have been reported in the literature that can
find exact solutions to NLP,, or NLPg of the single-train eco-driving problem. To tackle this research

challenge, we propose new formulations and solution approaches, which are detailed in Section 3.

3. Our solution method for the classic single-train eco-driving problem

In this section, we present our formulations and solution approaches for the classic single-train
eco-driving problem. In Section 3.1, we propose an alternative/relaxed optimal control formulation
and rigorously prove that the relaxed OCP yields the same optimal solutions as the original OCP.
In Section 3.2, we recast the OCP as an NLP that can be solved to exact solutions. In Section 3.3,

we introduce valid inequalities to improve the computational performance of solving the NLP.

3.1. Reformulation of the OCP for the classic single-train eco-driving problem

In this part, we reformulate a new OCP for the classic single-train eco-driving problem, utilizing
speed, kinetic energy per unit mass, and clock time as state variables. This new OCP has the same
optimal solutions as OCP,, and OCPg. The reformulation of the new OCP essentially consists of
two steps: (i) a linearization step, where the nonlinear constraints regarding the train dynamics are
linearized by introducing two additional nonconvex equality constraints, and (ii) a convex relaxation
step, where one nonconvex equality constraint introduced in step (i) is relaxed to a convex constraint.
The motivation of step (i) is to get a new optimal control formulation OCPg; that can be discretized
to an NLP (NLPg; in Appendix A) which, although nonconvex, can be solved to exact solutions
without introducing further approximation errors. The motivation of step (ii) is to reduce the
number of nonconvex constraints in OCPgr; and NLPR;y, thereby reducing computing times of
solving them. Below are the details of these reformulations.

First, we reformulate the dynamics constraints [(1), (2), (3)] and (9) to eliminate the nonlinear
terms in the dynamics equations. Specifically, for the kinetic dynamic, different from formulation
[(1a), (2), (3)] or (9a), here following the approach in Lu et al. (2022), we use both the kinetic
energy per unit mass E and speed v as state variables. The kinetic dynamic [(1a), (2), (3)] or (9a)
is rewritten as (13) below:

dE(s)  F(s) —2coE(s) — crv(s) — cg — mgsin(a(s))

= 13
ds m (132)

E(s) = : (13b)

And for the time dynamic (1b) or (9b), a new variable z is introduced, resulting in the following

equivalent form (14):

dt(s)
= z(s) (14a)
z(s) = L (14b)
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With the above-mentioned two reformulations, the OCP, in (8) and the OCPg in (10) are

rewritten into an equivalent formulation (named OCPRg;) below:

OCPgR; : min /Sf FT(s)ds (15a)
So

s.t. (4)7 (5)7 (7)7 (13)7 (14)7 Vs € [S(), Sf] (15b)

(6¢), (64), (10d), (101). (15¢)

To solve OCPR1, we can recast it into an NLP by discretization, like in Section 2.3. The resultant
NLP is referred to as NLPR; and detailed in Appendix A.

The new formulation OCPRr; above, although eliminating the nonlinear terms in the dynamics
constraints, introduces additional nonconvex constraints (13b) and (14b). To reduce the number of
nonconvex constraints and improve the computational efficiency of solving the associated NLP, we

relax the nonconvex equality constraint (14b) to a convex inequality constraint as follows:

1
z(s) > ) (16)

This results in the following final form of OCP (named OCPgs):

OCPr2 : min /Sf Ft(s)ds (17a)
So

s.t. (4), (5),(7),(13), (14a), (16), Vs € [So, St (17b)

(6¢), (6d), (10d), (10f) (17¢)

which is identical to OCPgr; except that the nonconvex constraint (14b) is relaxed to the convex
constraint (16). As long as the relaxation (16) holds with equality at the optimum, the optimal
solution of OCPRgry will be identical to that of OCPg;. Such equivalence is established in Proposition

1 below, under a realistic assumption (Assumption 1 below).

Assumption 1. Denote F*(s) as the optimal control profile obtained by solving OC Pra, and v*(s)
as the corresponding speed profile. Within [Sy, St], there exist two sections [Si,S2] and [Ss, S4],
S() < 51 < SQ < 53 < S4 < Sf, where:

(i) Section [S1,S2) applies traction and section [Ss,S4) does not apply mazimum traction, i.e.,

F*(S) > 0, Vs € [51,52)
F*(s) < min (Fmax, ngE?S) , Vs € |[Ss,54)

(ii) v*(s) > €, Vs € [S1, S4].

Assumption 1 requires that there exists a pair of traction and non-maximum-traction operations,
where the non-maximum-traction (which can be traction, coasting or braking) occurs later than

the traction (Condition (i)), and the train speed during and between these two operations is always

10
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greater than e (or say the train does not become standstill) (Condition (ii)). From a practical
standpoint, such assumption is not strict, since trains usually apply traction at the beginning of a
journey to start from stopping and braking at the very end of the journey to stop at the platform,

without stopping en route.

Proposition 1. Under Assumption 1, the globally optimal solution of OC Pre always ensures that
constraint (16) holds with equality, and therefore, the optimal solution of OC Pgs is identical to that
Of OCPRl .

Proof of Proposition 1. The proof is given in Appendix B. O

Remark 1. If in OC Pgse, the inequality trip-time constraint (6d) (i.e., t(Sg)—t(So) < T') is changed
to an equality constraint t(Sg) —t(So) = T, then Proposition 1 will still hold. The proof in Appendiz
B is still valid by changing all “<T7 in Stage 2 of the proof to “=T7.

3.2. NLP model of the reformulated OC Ppro

To solve the reformulated OCPRo, we recast it into an NLP by discretization. Same as in Section
2.3, we divide the journey between origin Sy and destination St into IV segments by choosing a set
of discrete locations s, with Sy = sop < 81 < --- < sy = S;. Also denote Asy = s — Sk_1,
ke {1,2,---,N}. Then the OCPgs is discretized as follows:

NLPgs : min g:F,jAsk (18a)
k=1
ot E, — Er_4 _ Fy — 2¢oF, — v, — cg — myg sin(ak)7 Wke{1,2, N} (18h)
Asy, m
t’“;;’:l . ke {1,2,--- N} (18¢)
zkzvlk, Vk e {1,2,--- ,N} (18d)
Ek:vf, Vke{1,2,---,N} (18e)
Frin < Fi < Fax, Vk e {1,2,--- ,N}  (18f)
Prin < Fivg < Prax, Vk e {1,2,--- ,N} (18g)
/2 < B, < 02 r/2, Vk e {1,2,--- ,N} (18h)
€ < Uk < Unmaxk; Vk e {1,2,--- ,N}  (18i)
Er > Fy, Vk e {1,2,--- ,N}  (18;j)
i > heg F, Vke{1,2,---,N} (18k)
Ey=V{/2, Ey = V{/2 (181)
vo=Vo, ovn =W (18m)
in—to<T (18n)

11
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(a) The McCormick envelope (represented by the (b) The McCormick envelope (represented by the
shaded area) for the relaxation of E = v*/2. shaded area) after the valid inequality E > v%/2 is

introduced.

Figure 1: Tllustration of the shrink of the feasible region due to the valid inequality E > v?/2.

where the problem NLPgs above is still nonconvex due to the nonconvex constraint (18g) with the
bilinear term Fivi and the quadratic equality constraint Fj = % in (18e) (note that v,% is also
bilinear because it can be seen as a bilinear term vy, under the constraints y = vy), while other
constraints are convex. In other words, NLPgo features a linear objective function, convex con-
straints and bilinear constraints (which are the only nonconvex components). Such an optimization
problem with bilinear constraints can be solved to exact solutions using some off-the-shelf solvers
such as SCIP 8.0 (Bestuzheva et al., 2023) and Gurobi 11.0 (Achterberg, 2023), which combine the
McCormick relaxation (McCormick, 1976) and spatial branch-and-bound algorithm (Belotti et al.,
2013). The spatial branch-and-bound algorithm does not rely on piecewise-linear approximations
for bilinear constraints and thus avoids introducing approximation errors when solving NLPRo. Note
that NLPR; has a same formulation as NLPRro except that NLPr1 has a bilinear equality constraint
(A.1d) while NLPg2 has a convex constraint (18d), so NLPr; can also be solved to exact solutions,
but slower than NLPRs.

3.8. NLP model with valid inequalities

In this section, we further introduce two valid inequalities to improve the computational effi-
ciency for solving our nonconvex NLPRs. Specifically, we first add the convex constraint (19) into

NLPRga: ,

B> %, Vke{l,2-- N} (19)
which will not affect the optimal solution as constraint (19) corresponds to a larger region than
constraint (18e). However, this can improve the computational efficiency because, as illustrated
in Fig. 1, the McCormick relaxation uses convex regions (the “McCormick envelope”) to linearize
the bilinear constraint (18e) (Fig. 1(a)), which enlarges the feasible region; the valid inequality
(19) helps shrink the feasible region introduced by the McCormick relaxation (Fig. 1(b)) and thus

improves the computational efficiency.
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Furthermore, we use zj to replace i in the force constraint (18g), leading to the inequality:
PminszFkSPmaXZky Vk€{17277N} (20)

Note that this will not affect the optimal solution either, as constraint (20) corresponds to a larger
domain than constraint (18g) since, by combining constraints (18d) and (18g), and considering that
Prin < 0 and Pyax > 0, we have

1 1
Prinz, < Pmin;k < F, < Pmax?k < Prax?k-

However, the inequality (20) can enhance the computational efficiency because it can provide tighter
bounds on the variables F}, when applying the McCormick relaxation to handle the bilinear terms
Fjuk in constraint (18g). To be more specific, without the inequality (20), the McCormick relax-
ation relaxes the constraint (18g) to the McCormick envelope which is a quadrilateral within the
rectangular region defined by (21) and (22) (Fischetti and Monaci, 2020):

FminSFk:SFmax (21)

€<y < Umax,k- (22)
Then when adding the inequality (20), together with the constraint (21) on F} above, we have
max (Fmim Pminzk) < Fk: < min (Fmam Pmaxzk:)

which provides tighter upper and lower bounds on Fj than (21) and thus a tighter McCormick
envelope.

Finally, we add the above-mentioned two sets of inequalities into our model NLPgo. This gives
us the following NLP (named NLPRgs3):

N

NLPgs : min » FfAs, (23a)
k=1

s.t. (18b)—(18n), (19), (20) (23b)

which is identical to NLPgry except that the two valid inequalities (19) and (20) are introduced.
Although the two valid inequalities appear simple, they can significantly reduce the computation
time, as shown in the numerical experiments in Section 6.

It is worth mentioning that some studies on the train eco-driving problem suggest solving a
convex program, which is actually a further relaxation of our model NLPRrs. However, the optimal
solution to that convex program may not be optimal or feasible for NLPRs, as evidenced by the
counter example we have found. The following remark presents the convex program in the literature

and the counter example we constructed.

Remark 2. In Lu et al. (2022), Ying et al. (2023) and Feng et al. (2024), the authors presented a

convex model and claimed that the optimal solution to their model is identical to that of the original
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Table 1: Parameters of the train.

Parameter Symbol Value
Train mass [ton] m 400
Maximum tractive power kW] Prax 3600
Maximum braking power kW] Pain —3600
Maximum tractive force [kN] Froax 240
Maximum braking force [kN] Fiin —240

Running resistance [kN] (v:[m/s])  R(v)  5.84 + 0.4 v + 0.015 v?

nonconvexr NLPRry for the eco-driving problem, and thus is also identical to the optimal solution of

our model NLPro. The formulation of their convexr model is given as:

N

min Z FFAsy, (24a)
k=1

s.t. (18b)—(18d), (18f), (18h)—(18n), (19), (20) (24b)

which is a relazation of our model N LPry: the constraint (20) corresponds to a larger domain than
constraint (18g) and is thus a relaxation of the latter; meanwhile, the constraint (19) is a relazation
of the constraint (18e).

Although the relazed model (24) is convez and thus can yield exact solutions, the obtained solution
might be suboptimal or even infeasible for our model N LPry. The reason is that, the relazation (20)
provides an incentive of achieving zp > i, as this can allow for applying larger control force to
reduce travel time and save energy. However, such larger control force is infeasible for our N LPps.
Indeed, we have found a counter example demonstrating that the optimal solution of the relared
convex model (24) is infeasible for our NLPgrs, and the counter example is presented in Example 1

below.

Example 1. In this example, the trip length is 15.02 km, which is divided into 520 segments. We
use non-uniform segment length to reduce discretization error at low speed around the start and end
of the trip: the length for the first 10 and last 10 segments is 1 m, and is 30 m for the other 500
segments. The planned trip time is 540 s, and the speed limit is uniformly 140 km/h. The train
parameters are listed in Table 1, and we assume no braking energy is reused, i.e., Mg = 0. The

track gradient oy is set as follows:

0, ke {12,310}
ap =< —0.04, ke {311,312, -- 483}
0, k € {484,485, - ,520}.

The solution of the relaxed conver model (24) is plotted in Fig. 2. Fig. 2(a) shows that the

optimal solution can always obey the speed limit. But from Fig. 2(b), we can see z > % at the final

14



364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

=
=40 Optimal force .
g 200F f----- Force bounds !
g 5003 N all B
2 3 E -
g - &
© 2 — 8 0.02 =
~ Speed limits 5 8
= Optimal speed 5} IS
~
g 10 Gradient = 0.01 m 100 LemT Tl R
; A K - \
g o { -2001 4 |
a5 0 .
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Distance [km] Distance [km] Distance [km]
. 1
(a) Speed profile. (b) The difference between z and . (c) Force profile.

Figure 2: The optimal solution for Example 1 obtained by solving the relaxed model (24) proposed by Lu et al. (2022),
Ying et al. (2023) and Feng et al. (2024).

braking stage (after 14km), i.e., the relazation (20) is not tight. As a result, correspondingly in
Fig. 2(c), the obtained optimal braking force exceeds/violates the allowed lower bound during the
final braking stage. This makes the solution infeasible not only for our N LPgro but also for practical

applications, and thus the solution cannot be used to guide real-life train driving.

4. Solving the single-train eco-driving problem with time-window constraints

In this section, we extend our proposed method to solve the single-train eco-driving problem
with time-window constraints. Time-window constraints commonly exist in railway operation and
have been widely investigated in the literature (Wang and Goverde, 2016; Haahr et al., 2017; Ying
et al., 2023; Zhou et al., 2023). The most typical scenario to impose the time-window constraint is
at junctions where multiple lines intersect. With time-window constraints, each train is assigned a
specific time window to pass through the junction, so as to avoid conflicts and unnecessary stops. By
considering time-window constraints in a single-train eco-driving problem, the optimized solutions
guarantee a train to pass through critical locations within the predefined time-windows, improving
the practicality of the eco-driving models.

Assume there are W intermediate locations (also called the “passage points”) with time-window
constraints, positioned at x,, € (Sp, S¢), w € {1,2,--- ,W}. Define W = {1,292, - ,zw} as the
set of these intermediate locations. Under the time-window constraints, the clock time t(x,,) for

the train to pass each location x,, is constrained as
O < f () < U Vp, e W (25)

where #21% and t1%% are the minimum/earliest and the maximum/latest permissible times for the
train to cross location x,,, respectively. The single-train eco-driving problem with time-window
constraints can be formulated by adding the constraint (25) into the OCPgjy, resulting in the
following OCP (named OCPry):
St
OCPyy : min/S Ft(s)ds (26a)

0
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st.(4), (5), (7), (13), (14), Vs € [So, St] (26b)
(6¢), (6d), (10d), (10f), (25). (26¢)

To solve OCPyy, we extend our proposed solution method in Section 3. We first again relax
the nonconvex equality constraint (14b) to the convex inequality constraint (16), resulting in the
following OCP (named OCPyy,_R):

OCPyy-g : min /Sf FT(s)ds (27a)
So

s.(4),(5), (7), (13), (14a), (16), Vs € [So, S (27h)

(60), (64), (10d), (10f), (25). (270)

Different from Proposition 1 that requires Assumption 1 to hold so as to guarantee the exact-
ness of relaxation when solving the classic single-train eco-driving problem without time-window
constraints, the presence of time-window constraints may require more strict assumptions than As-
sumption 1. In particular, we provide Assumption 2 as a sufficient condition to guarantee that

Proposition 2 holds.

Assumption 2. Denote (Fy,(s),v},(8), Ef, (), 21, (), t5,(8)) as the optimal solution to the problem
OCPry_Rr. Let Wactive C W be the set of passage points where the upper bounds of the time-
window constraints are active, i.e., t}, (Ty) = tU% for all Ty, € Wactive, and t2 < 5, (1) < 08X
for all zy € W \ Wactive- The Assumption 1 holds for each track section [yo,ys], where yo,ys €
Wactive U {So, St} and yo < ys.

Proposition 2. If Assumption 2 holds, then the globally optimal solution of OC Py,_g is identical
to that of OC Pyy,.

Proof of Proposition 2. For passage points &, € Wactive at which the upper bound of the time-
window constraint is active, we can divide the entire track section [Sp, S| at these passage points
into multiple subsections, i.e., the [yo,yf] in Assumption 2. For each of these subsections, we
can formulate a smaller eco-driving problem and require the departure/arrival time and speed
at its origin/destination (which will be the passage points z,, € Whactive) to be equal to t7, (xy)
and v}, (x,); note that each of these smaller eco-driving problems may still include time-window
constraints at the passage points in W \ Wctive. Then the solution of each smaller eco-driving
problem on each subsection will be identical to the solution of OCPy, on that same subsection.
Therefore, to prove that the relaxation (16) is exact for OCPyy, is equivalent to proving that the
relaxation is exact for each smaller eco-driving problem on each subsection [yg,y¢]. The proof for
each smaller eco-driving problem can follow the same idea of proving Proposition 1 and Remark 1;
note that a time-window constraint with an inactive upper bound will not affect the derivation in

the proof of Proposition 1. O

To solve OCPyy_gr, we discretize the location such that the set W of passage points is a subset

of the set of discrete locations {si,s2,---,sy—1}. Denote the index of the discrete location z,, as
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dy, i.e., sq, = xy forall w € {1,2,--- ,W}. Then the time-window constraint (25) can be rewritten

as a linear constraint below:
i < <Ay € {1,2,---, WL (28)

Finally, the OCPyy_g is discretized to the following NLP (named NLPiy R):

N
NLPy g : min Z Ff Asy, (29a)
k=1
(18b)—(18n), (28) (29b)

which is obtained by adding the time-window constraint (28) to the problem (18). To improve the
computational efficiency, we also incorporate the valid inequalities (19) and (20) into the NLPy-g,

resulting in the following NLP (named NLPyy rv):

N
NLPyy gy : min »_ FF Asy, (30a)
k=1
(18b)-(18n), (19), (20), (28). (30D)

5. Solving the eco-driving problem for a fleet of trains with the green-wave policy

In this section, we extend our proposed method to solve the eco-driving problem for a fleet of
trains with the green-wave policy. The green-wave policy is a railway traffic management strategy
designed to ensure that trains encounter only green lights during their journey (Corman et al., 2009).
This can prevent unnecessary decelerations of the trains due to signal-dependent speed limits and
unnecessary stops caused by red lights, allowing for a higher average travel speed along a railway
corridor (thereby accommodating more trains and thus increasing the capacity of the corridor) and
lower energy consumption. The green-wave policy is particularly useful when the railway corridor
is busy and thus the train headway is short, where trains can frequently encounter yellow and red
lights if their movements are not carefully planned (Thomassen, 2014). In this case, an eco-driving
model that jointly optimizes the speed profiles of all trains can help to coordinate the movement of
all trains, achieve the green wave and maximize the overall energy saving.

We consider a fleet of I trains, indexed 1,2, --- , I, travelling between origin Sy and destination St
under fixed-block signaling, and no overtaking can take place. Train ¢ is assumed to depart from the
origin Sy at time Téi) and arrive at the destination St no later than Tf(i)7 and Tél) < TO(Q) <0< TéI).
Assume the track from origin to destination consists of P blocks. Signals are installed at the entrance
and exit of each block, including the origin and the destination. Therefore, there are in total P + 1
signals; let 0,1,---, P be the indices of the signals, and X, be the position of signal p, where
So=Xo< X1 < < Xp=_5and X ={Xy, X1, -+, Xp}. Each signal p is assumed to have M
aspects.

Fig. 3 demonstrates a fleet of trains (Train 1, Train 2 and Train 3) running with the green-

wave policy in a three-aspect signaling system. To ensure that all the three trains consistently
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Figure 3: An example of a fleet of three trains following the green-wave policy under the three-aspect signaling.

encounter green signals under the three-aspect signaling, there must be at least two empty blocks
between each pair of consecutive trains. In general, to achieve the green-wave policy in an M-aspect
signaling system, whenever a train ¢ arrives at a signal, there should be at least M — 1 empty blocks
between train ¢ and its immediate follower train ¢+ 1, which can be expressed as the following signal

constraint:
tD(X,) <tU(X,pp),Vp € {M — 1, M, , P}, i€ {1,2,--- I -1} (31)

where t)(X,) is the clock time of train i at location X,.

For our eco-driving problem of a fleet of trains under green-wave policy, the objective is to
minimize the overall net energy consumption of the fleet by simultaneously optimizing the eco-
driving profiles of all trains in the fleet, so as to coordinate their movements and ensure that all
trains encounter only green signals throughout their journeys and arrive at destinations on time.
The OCP is named OCPyy and formulated as follows:

I St '
OCPpy : miny / FH0(s5)ds (32a)
i=1 750
dEW(s)  FO)(s) — QCgi)E(i)(s) - cgi)v(i)(s) - c(()i) —mWgsin(a(s))
s.t. = . (32b)
ds m(l)
dt®(s)
0
P 2\ (s) (32¢)
, 1
(1) () =
2 (s) () (32d)
4 (1) ()2
EO(s) =2 2(8) (32¢)
P < F0(s) < i (321)
P < FO ()0 (s) < P (32g)
€/2 < EW(s) < vhhax(s5)/2 (32h)
€ < 0D (s) < vmax(s) (32i)
2 .
EO(S0) = (V") /2, EO(s) = (V) /2 (52)
o0 (S0) = v w(s1) = v (320)
t@(So) = T3, 1@ (8p) < T (321)
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FT0(s) > F(s) (32m)
FTO(s) > nregF(i)(S) (32n)
(31) (320)
where the symbols have the same meaning as before, while the superscript (7) is attached to the

symbols to indicate a certain train <.

We apply the method proposed in Section 3 to solve the problem OCP,;. We first again relax

the nonconvex equality constraint (32d), i.e., 2 (s) = to the convex inequality constraint

1
v()(s)?

20 (s) >

—, 33
U(l) (5) ( )
Then, we have the following relaxed OCP (named OCP, ) for the eco-driving problem of a fleet

of trains with the green-wave policy:

OCPpt-R : mmZ/ Ft ’) (34a)
s.t. (32b), (32¢), (32¢)—(320), (33) (34Db)

which is identical to OCPy, except that the nonconvex constraint (32d) is relaxed to the convex
constraint (33). To guarantee that the model OCP,,; g can yield the same optimal solution as the

model OCPyy; (Proposition 3), a sufficient condition is provided as in Assumption 3.

Assumption 3. Denote (F @)% (5), vD*(s5), ED*(5), 20%(s5), t0*(s5),i = 1,2, - - - ,I) as the optimal
solution to OCP,,;. Let x

etive C X be the set of locations of signals that the signal constraints

(31) between train i and its immediate follower (i.e., train i + 1) are active under the optimal
solution, i.e. for eachpe {M—-1,M,--- P}, X, € X;C,)me means % (X,) =tV (X,_pr11), and
X, € X\ X means t(X,) <t (X, nr41). The Assumption 1 holds for each train i on
each track section |y, ,yéi)] where y,

i 0,400 € X and f) < of

actlve

Proposition 3. If Assumption 3 holds, then the globally optimal solution of OC Py,_g is identical
to that of OCPyy;.

Proof of Proposition 3. Referring to the problem with time-window constraints, the signal con-
straint (31) between each pair of trains ¢ and i+ 1 serves as an upper-bound time-window constraint
for the leading train ¢ and a lower-bound time-window constraint for the following train ¢4+ 1. There-
fore, for each train 4, its journey can be divided, as described in Assumption 3, into subsections at
the signal positions where its upper-bound time-window constraints are active, i.e., where its signal
constraints with respect to the following train ¢ + 1 are active. The proof of Proposition 3 can then

follow the same idea as proving Proposition 2 and is omitted here. O

To solve OCP,_r via discretization, we choose IN discrete locations such that they include the

locations of all signals. Denote b, as the index of the discrete location where signal p is located at,
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ssrand thus the location of signal p is sy, i.e., sp, = X,. Then the problem OCPyy g is discretized to
a2 the following NLP (named NLP ., r):

I N
NLPyer: mind > FyDAs, (35a)
i=1 k=1
E,(:) — E,E,zl Flii) — QCgi) El(f) — cgi)vl(f) — c(()z) —mlg sin(ay)
s.t. = . (35Db)
Asy m()
(&) _ ()
e — _
Tsk = Zk? (350)
i 1
A > (354)
Uy
. N 2
B = (o) /2 (35¢)
F, < Y < Bl (351)
€< U]E;Z) < Umax,k (35g)
Py, < F?) < PO, (35h)
/2 < B < vlr/2 (351)
. N2 , N 2
B = (V) j2. B = (V) 2 (351)
U(()i) _ Vo(i)7 Ug\i[) _ va(i) (35Kk)
£ =7 4 < 70 (351)
FO>FY (35m)
FY > e B (35n)
) <t Wpe{M—1,M,-- Phic {12, 1-1} (350)
283 Similar to Section 3.3, we also add the two sets of valid inequalities into NLP 4 R, resulting in
s the following NLP (named NLP ., rv):
I N ‘
NLPye v : min Y Y EVAs, (362)
i=1 k=1
st PO 0 < ) < p@) 0 (36b)
. . 2
B > (o) /2 (36¢)
(35b)—(350). (36d)
s 6. Numerical experiments
486 This section conducts numerical experiments to investigate the performance of our proposed

a7 methods for solving various eco-driving problems, including the classic single-train eco-driving prob-
a8 lem in Section 6.1, the single-train eco-driving problem with time-window constraints in Section 6.2,

a0 and the eco-driving problem for a fleet of trains under the green-wave policy in Section 6.3.
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Table 2: Performances of the solution methods for the classic single-train eco-driving problem

on the route of Example 1.

NLPg; in (A.1) NLPpo in (18) NLPps in (23)

Instance
Ctime [s] Gap [%] Ctime [s] Gap [%] Ctime [s] Gap [%]

N =170 3.01 0.0 2.71 0.0 0.89 0.0
N =320 8.54 0.0 5.65 0.0 2.68 0.0
N =395 135.25 0.0 10.53 0.0 3.32 0.0
N =520 107.27 0.0 13.48 0.0 4.43 0.0
N =770 3600.71 0.1 35.12 0.0 11.58 0.0
N =1020 3600.55 0.1 80.69 0.0 19.29 0.0
N =1520 3600.68 0.3 111.80 0.0 41.44 0.0

Note: “Ctime” means the computing time; “Gap” means the optimality gap when the

solver terminated.

The train parameters used are listed in Table 1. The optimization problems are solved by Gurobi
11.0 ! in Julia on a desktop computer with an Intel i7-13700K processor (16 cores) and 16GB RAM.

In the experiments, the maximum computing time is set to 3600 seconds.

6.1. Performance of the proposed method for the classic single-train eco-driving problem

This section presents numerical results using the models proposed in Sections 3.1, 3.2, and 3.3
to solve the classic single-train eco-driving problem.

First, we evaluate the effectiveness of the proposed models and the valid inequalities under the
same setting as Example 1. Three different formulations are tested, including: the NLPg; in (A.1)
with equality constraints z; = 1/vg, the NLPRs in (18) with relaxed inequality constraints z;, > 1/vy,
and the NLPgs in (23) with relaxed inequality constraints zx > 1/v and valid inequalities. We
test the models with different numbers of segments for discretization: N = 170, 320, 395, 520, 770,
1020, 1520. The results are listed in Table 2, and the findings are summarized as follows. For
most instances, exact solutions of the problems are obtained within one hour, except for the model
NLPg; under a large number of segments (N > 770). The computing time is significantly reduced
with the relaxed constraint in NLPgrs and further reduced with the valid inequalities in NLPRs.
The combination of the relaxed constraint and valid inequalities in NLPR3 enables obtaining exact
solutions of all instances in Table 2 within 1 minute, and instances with 520 or fewer segments
within 5 seconds.

The optimal solution obtained by the NLPrs for the instance with N = 520, i.e., the same
setting as in Example 1, is plotted in Fig. 4 for further examination. We can observe that the speed

profile is below the speed limits (Fig. 4(a)), the control force profile is within the force bounds

LGurobi 11.0 can obtain exact solutions of bilinear programs when the parameter “FuncNonlinear” is set to 1,
which activates the spatial branch-and-bound algorithm (Achterberg, 2023).
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Figure 4: Optimal solutions of our proposed method for the route in Example 1.

(Figs. 4(b)), and the relaxation (18d) is always tight (Fig. 4(c)). This verifies that the optimal
solutions of the classic single-train eco-driving problem can be obtained by solving our proposed
model NLPgrs. In the following experiments, we use NLPRr3 as our proposed model since it has the
best performance among the three models tested.

Second, we compare the performance of our proposed model NLPRrs with the MILP model
presented in Appendix D on the route of Example 1. For the MILP method, we consider using 32
or 64 pieces of linear lines to linearize /approximate the nonlinear functions. We refer to the resultant
MILP models as MILP-32 and MILP-64, respectively. The computation results are presented in
Table 3. We can see that, for the MILP models, only the instances with a small number of segments
(i.e., N = 170) can be solved to exact solutions within one hour, but the computing times are
significantly longer than our model NLPRs3, while the energy consumptions are higher due to the
approximation error. Furthermore, we also compare the performance of the MILPs and our model

¢

on another artificial but practical route (called the “practical route” hereafter): the gradients and
speed limits are shown in Fig. 5, and the planned trip time is 600s. The results are summarized
in Table 4, showing that our proposed model NLPgrgs significantly outperforms the MILP models
in terms of both solution quality and computing time. In the following experiments, we set the
number of segments for discretization as N = 520.

Third, we investigate the impact of regenerative braking on optimal solutions, by solving the
problems with different values of n.ee (i.e., the proportion of braking energy being reused) using
our proposed model NLPgr3 on the practical route. The results for ne, = 0.1,0.2,---,0.8 are
summarized in Table 5, which reveal that all instances are solved within 3 seconds, and the energy
consumption can be reduced by as much as 10 % when the braking energy is effectively reused. The
optimal trajectories for n.es = 0.1 and n7,¢; = 0.8 are plotted in Fig. 5, showing that: the speeds are
below the speed limits (Fig. 5(a)), the relaxation (18d) is tight (Fig. 5(b)), and the applied forces
are within the force bounds (Figs. 5(c) and 5(d)).

6.2. Optimal solutions for the single-train eco-driving problem with time-window constraints

In this section, we present numerical results using our proposed model NLPy,_ry to solve the

single-train eco-driving problem with time-window constraints on the practical route, and we set
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Table 3: Performances of the MILP models for the classic single-train eco-driving problem

on the route of Example 1.

MILP-32 model MILP-64 model
Instance
Ctime [s] Gap [%] Diff %] Ctime [s] Gap [%] Diff [%]
N =170 146.43 0.0 1.21 697.73 0.0 0.19
N =320 3600.69 1.7 - 3600.69 - -
N =395 3600.57 - - 3600.63 - -

Note: A positive value of “Diff” means the percentage of energy consumption increased
compared to the optimal solutions of our proposed model NLPgr3. The MILP-64 model
has lower energy consumption than the MILP-32 model because, with an increased
number of linear pieces, the approximation error decreases and thus the obtained

optimal solution is better.

Table 4: Performances of the methods for the classic single-train eco-driving problem on the practical route.

MILP-32 model MILP-64 model NLPR3
Instance
Ctime [s] Gap [%] Diff [%] Ctime [s] Gap [%] Diff [%] Ctime [s] Gap [%)]

N =170 2.36 0.0 34.92 1735.43 0.0 2.61 0.69 0.0
N =320 3600.71 0.6 - 3600.86 3.5 - 1.43 0.0
N =395 3600.47 0.6 - 3604.09 3.1 - 1.79 0.0
N =520 3600.35 0.1 - 3600.00 - - 4.50 0.0
N =770 3600.00 - - 3600.00 - - 7.49 0.0

Note: The significant difference in energy consumption between the MILP-64 model and the MILP-32 model is
primarily attributed to the approximation error in travel time. For the MILP-32 model, the actual trip time is
548.2's, whereas for the MILP-64 model, it is 591.5s.

Table 5: The impact of regenerative braking on the net energy consumption (NEC) for the classic single-train eco-

driving problem.

Instance NEC [kWh] Ctime [s] Rate* | Instance NEC [kWh] Ctime [s] Rate*
Nreg = 0.1 163.13 2.34 1.1% || 7reg = 0.5 155.29 2.23 5.9%
Theg = 0.2 161.24 197  23% | meg =06  153.17 224 7.2%
Theg = 0.3 159.32 202 34% | Ty =07 150.94 231 8.5%
Nreg = 0.4 157.33 2.16 4.6% | Nreg = 0.8 148.52 2.36 10.0%

+“Rate” means the energy-saving rate, which is calculated as the relative reduction on net energy consumption

compared with the case without energy regeneration (i.e., nweg = 0).
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Table 6: Results of the instances with different time-window constraints.

Passage point 1 Passage point 2
Instance sep sep Ctime [s]

Pos. [m] ! TW [s]2 AT [s]® Pos. [m]! TW [s]2 AT [s]?

(1) 5860 -4 234.73 11620 4 42890 117
(11) 5860  [240, 300] 240.00 11620 4 43192 0.92
(I11) 5860 -4 222.94 11620  [360, 420] 420.00  0.91
(IV) 5860  [240, 300] 240.00 11620  [360, 420] 420.00  1.23

L “Pos.” means position.

“TW” means time window.

“AT” means the optimal arrival time at the passage point.

4« means no time-window constraint is imposed at this passage point.

Mreg = 0.5 and N = 520. Two locations, 5860 m and 11 620 m from the origin, are chosen as passage
points where the time-window constraints can potentially be imposed. The time windows at the
two locations are set to [240s, 300s| and [360s, 420s] from the departure time of the train from
the origin, respectively. We consider that the train may or may not be required to follow the time-
window constraints at each of these two passage points, leading to four instances for comparison.
The detailed settings of the four instances, as well as the optimal passing time at the two passage
points obtained by the optimization, are shown in Table 6. For the instance (I) without time-
window constraints, (which is the instance in Section 6.1), the crossing times at the two passage
points are 234.73s and 428.90s, respectively, which are not within the specified time windows.
For the instances (II)-(IV) with time-window constraints, the constraints are all respected. The
computing times for all instances are short, within 2 seconds.

The optimal solutions of the three instances with time-window constraints are plotted in Fig.
6: the speed limits are all respected (Fig. 6(a)), the control force profiles are all within the force
bounds (Figs. 6(b)-6(d)), and the convex relaxation is always tight (Fig. 6(e)).

6.3. Optimal solutions for a fleet of trains with green-wave signal constraints

In this section, we investigate the eco-driving solutions for a fleet of three trains with green-wave
signal constraints, using our proposed model NLP;_ry. We set nes = 0.5 and N = 520. The
track condition is the same as the practical route. The track is assumed to contain nine blocks,
with signals at Xg = Om, X; = 520m, X5 = 2500m, X3 = 4480 m, X, = 6460 m, X5 = 8440 m,
Xg=10420m, X7 = 12400m, Xg = 14380 m, and X9 = 15200m. A four-aspect signaling system
is adopted, so the green-wave policy requires three empty blocks in front of a train when it arrives
at a signal.

First, we set the trains’ departure and arrival headway as 210s, and the trip time for each train
as 600s. Thus, the departure times of the three trains from the origin are set to be 0s, 210s and
420s, and the arrival times at the destination are 600s, 810s and 1020s. If each train optimizes their

own speed profile without considering other trains, they will violate the train separation required
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time-window constraints.
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Figure 7: Position-time trajectories of the three trains when each train adopts their own eco-driving profile.

by the green-wave policy, as shown in Fig. 7 that the position-time trajectories of train 2 and train
3 intersect with the green lines.

We then optimize the speed profiles of the three trains simultaneously to follow the green-wave
policy. The optimal solution can be found in 6.08s, which is plotted in Fig. 8. By cooperatively
adjusting the speed profiles of the three trains (Fig. 8(a)), the green wave is achieved (Fig. 8(b)),
where the position-time trajectories of all trains have no intersection with the green lines. The
exactness of the relaxed constraint (35d) is verified by Fig. 8(c).

The optimal passing times of the three trains at the signals are presented in Table 7. The passing
times t(M(Xg) = t(2)(X5) and M) (Xy) = t)(Xg) ensure the green wave between train 1 and train
2. Similarly, the passing times t)(X,) = t®)(X;) and t®)(X3g) = t()(X;5) ensure the green wave

between train 2 and train 3.

Table 7: Optimal passing times of the three trains at signals.

Signal X(] X1 X2 X3 X4 X5 X6 X7 Xg Xg

Train 1 0.0s 38.3s 116.5s 1785s 242.8s 308.3s 373.9s 445.7s 534.4s 600.0s
Train 2 210s 248.3s 327.6s 392.2s 458.3s 534.4s 600.0s 666.6s 746.3s 810.0s
Train 3 420s 458.3s 539.3s 607.2s 676.3s 746.3s 811.9s 8&78.0s 956.8s 1020.0s

7. Conclusion

In this paper, we study three train eco-driving problems arising from real-life railway operation,
i.e., the classic single-train eco-driving problem, the single-train eco-driving problem with time-
window constraints, and the eco-driving problem for a fleet of trains with the green-wave policy.

We propose new formulations and solution approaches of direct methods to solve these eco-driving
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problems. In particular, we first propose a relaxed continuous optimal control formulation for
each eco-driving problem, and rigorously prove that each relaxation is exact under some practical
conditions, i.e., the relaxed formulation has the same optimal solution as the original formulation.
Then, to solve the relaxed optimal control formulations, we recast them into NLPs by discretizing
the independent variable. We solve the resultant NLPs to exact solutions using existing solvers and
develop valid inequalities to solve the NLPs more efficiently. To evaluate the performance of our
solution methods, we conduct computational experiments on the three eco-driving problems. The
overall results indicate a significant superiority of our proposed methods in terms of solution quality
and computing time.

The merits of our proposed methods lie in their ability to efficiently find exact solutions of
the nonconvex NLPs for eco-driving problems with practical operational constraints, as well as
the flexibility /extendability of the modeling framework. The solutions obtained by our methods
can be used as a benchmark to evaluate the performance of other direct methods proposed in the
future. The flexibility /extendability of the modeling framework means that our proposed methods
are flexible to be applied to solve other extended eco-driving problems, for example, those with the
electrical energy consumption model considered in Kouzoupis et al. (2023), Xiao et al. (2023a) and
Feng et al. (2024).

For future work, some interesting directions could be explored. First, our models and methods
for the eco-driving of a fleet of trains can be extended to the eco-driving of platoons of trains where
platoons are formed by virtually coupled trains (Chai et al., 2024). In this case, an eco-driving model
needs to decide not only the speed profiles of all trains but also their states of being coupled and
decoupled. Second, when the optimized trajectories are implemented on real trains, discrepancies
between the planned trajectories and actual trajectories are inevitable due to stochastic factors.
Modeling and solving train eco-driving problems under stochastic factors would be an interesting

topic for future research.
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Appendix A. Formulation of NLPgR; for solving OCPgr;

Same as in Section 2.3, we divide the journey between origin Sy and destination S into N
segments by choosing a set of discrete locations sy, with Sg = sp < 81 < --- < sy = Sf. Also denote
Asy = s — Sp—1, k € {1,2,--- , N}. Then the OCPg; is discretized as:

N
NLPg; : min Z:F,jAs;C (A.1a)
k=1
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t’“;;‘:l . Wk e{1,2,--- N} (A.lc)
zk—vlk, Vk e {1,2,--- N} (A.1d)
Ekzvf, Vk e {1,2,--- ,N} (A.le)
Fiin < Fi < Fiax, Vk € {1,2,--- ,N} (A.1f)
Priin < Frvg < Prax, Vk e {1,2,--- ,N} (A.lg)
€’ /2 < B, < v}an/2s Vk € {1,2,--- ,N} (A.1h)
€ < Uk < Umaxk; Vk e {1,2,--- ,N} (A.1i)
E!r > F, Vke{1,2,--- ,N} (A.1j)
EF > eeg P, Vk e {1,2,---,N} (A.1k)
Ey=V32/2, Ex = V{?/2, (A.11)
vo = Vo, vn = V4, (A.1m)
tn—to <T. (A.1n)

Appendix B. Proof of Proposition 1

The proof of Proposition 1 is built on the following three lemmas. The proofs of these lemmas

are presented in Appendix C.

Common notations for Lemmas 1-3. Assume F*(s) and F(s) are two force profiles applied
on the train, and (v*(s), E*(s)) and <®(s), E(s)) are the corresponding profiles of speed and kinetic

energy per unit mass under F*(s) and F(s), respectively.

Lemma 1. Consider a section [Ss, Sg] of the railway track. If 0(S5) = v*(Ss), and v*(s) > € and

F(s) < F*(s) Vs € [S5, S6), then we have:
(i) 0(s) < v*(s), Vs € (S5, S];
(i) there exists some § € (Ss, Sg] such that v(5) < v*(8);

S

(iii) E(s) > E*(s) = & . [F*(©) = F(©)] g, vs € (S5, Ssl.

555

Lemma 2. Consider a section [Ss,Sg] of the railway track. If 5(S5) < v*(Ss), and F(s) = F*(s)
Vs € [S5,S6), then we have:

(i) 0(s) < v*(s), Vs € (S5, Se];
(ii) B(s) = E(s) = [B*(S5) = E(S5)|, ¥s € (S5, 5]

Lemma 3. If 9(S5) < v*(Ss), and F(s) — F*(s) =0 > 0 Vs > S5, where 0 is a constant, then:
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(i) there exists 5 € [S5, S5 + 5] such that 0(8) = v*(3), where 05 = 5 <E*(S5) - E(S5));
(i) 0(s) < v*(s), Vs € [S5, Smin|, where Smin = min{s|s > S5 & v(s) = v*(s)};
(iii) B(s) > B*(s) — [E*(S5) — B(S5)], ¥s € [S5, smin]
Now Proposition 1 is ready to be proved.

Proof of Proposition 1 (by Contradiction). Let (F*(s),v*(s), E*(s), z*(s),t*(s)) denote the optimal
solution of OCPRrsy. Then the optimal arrival time ¢*(St) at the destination S can be calculated

according to (14a) as

St
P (SE) = t*(S) + / 2*(s)ds (B.1)
So
and the actual arrival time ¢*(S¢) can be computed from the optimal speed profile v*(s) as:
St
t*(St) = t*(So) +/ ds. (B.2)
5o v*(s)

Suppose that constraint (16) does not always hold with equality, i.e., z*(s) > U%(S) at some position

/ij z*(s)ds > /ij fu*ts) ds (B.3)

which by combining with Equations (B.1) and (B.2) leads to

s, then we have

t*(Sf) > E*(Sf)

meaning that the actual arrival time ¢*(S¢) at the destination is smaller/earlier than the optimal
arrival time ¢*(Sg). This provides room for the construction of a new solution that has slightly
lower speed and thus lower net energy consumption, while ensuring that the actual arrival time
is still not later than the optimal arrival time ¢*(St). Specifically, when Assumption 1 holds, we
can slightly reduce the tractive force on section [S1,S2) and increase the force on section [Ss, S)
without violating the constraints on force or power. This adjustment will result in lower speeds on
[S1,S4] without violating any constraints on speed or travel time. The change of forces on [S1, S2)
and [S3,.54) will ultimately lead to lower net energy consumption (which is the objective function
value).

More in detail, to construct the new solution, we denote it as (F(s), (s), E(s), 2(3),5(5)). We
start by constructing the new force profile F'(s). Since guaranteed by Assumption 1 that F*(s) > 0
on section [S1,S2) and F*(s) < min (Fiax, Puax/v*(s)) on section [S3, Sy), we can construct F(s)
as

F*(s) — 6%, Vs €[S, 5)
F(s) = { F*(s), Vs € [So, S1) U [Se, S3) U [S3 + 03, St] (B.4)
F*(s)+ 0, Vse€|[Ss,535+03)
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where

ot e <0, inf F* ] B.5
F SG[%S’I},SQ) (8) ( a)

03 € [O, Sy — 53] (B.5b)
— Pmax

0n = inf in | Foax, —— | — F* 0 B.5
P selssSstds) {mm < v*(8)> (S)} g (B.5¢)

with “inf” standing for “infimum”; 6} in (B.5a) and d3 in (B.5b) are constants to be determined
later. Note that the F'(s) in (B.4) satisfies the force constraint (5a) because F(s) = F*(s) — 5h €
[0, Finax] on [S1,S2) and F(s) = F*(s) + 65 € [Finin, Finax] on [S3, S3 + d3).

Given the F(s) in (B.4), to prove Proposition 1, we need to show that there exist values d3 €
0,54 — S3] and &} € (0,inf (s, 5,) F*(s)] such that the new solution (F(s),’f)(s),f?(s), é(s),f(s))
satisfies all constraints while resulting in a lower objective value. Our proof is divided into three

stages.

e In Stage 1, we prove that, there exist appropriate values of 5; for (B.4), with which the
corresponding d3 € [0,S54 — S3] for (B.4) can be found. This ensures a speed profile 9(s)
satisfying ©(S1) = v*(S1), 0(S3 + d3) = v*(S3 + d3) and v(s) < v*(s) for all s € [Sy, S5 + 3]
(and thus satisfying the upper speed limit constraint in (4) and the power constraint (5b) for
all s € [Sl, S3 + 53])

e In Stage 2, we show that there exist appropriate values of 6} for (B.4) such that the new
solution (F(s), o(s), E(s), 2(s), f(s)) also satisfies the lower speed limit constraint in (4), i.e.,
0(s) > €, the travel time constraint in (6d), and the relaxation constraint (16). This, combined
with the results in Stage 1, indicates that the new solution (F(s), o(s), E(s), 2(s), f(s)) is an

alternative feasible solution of OCPRa.

e In Stage 3, we prove that the new solution (F(s), o(s), E(s), 2(s), f(s)) yields a lower objective
value compared to the original solution (F*(s),v*(s), E*(s),z*(s),t*(s)). This by contradic-
tion proves that the optimal solution of OCPRrs always ensures that constraint (16) holds with
equality.

The rigorous proof is as follows.

Stage 1. First, consider section [Sy, S5]. Given that #(S;) = v*(S1) and F(s) = F*(s) — 5 <
F*(s) for all s € [S1,S52), and based on parts (i) and (iii) in Lemma 1, it follows that for all
s € [S1, 2], we have 9(s) < v*(s) and

- * 1 3 * - * 1
E(s) 2 B*(s) = — | [F"() = F(OldE = E7(s) = —(S2 = 51)3; (B.6)
m Js, m
where the second inequality follows from the fact that F*(s) — F(s) = 64 and Sp — Sy > s — S for
all s € [S1,52). Further letting s = Sy in (B.6), we have

E(S) > E*(Sa) — —(S2 — $1)57- (B.7)

1
m
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Next, consider section [Sy, S3]. Since #(Sy) < v*(Ss) and F(s) = F*(s) Vs € [Sy, S3), according
to Lemma 2, we have, for all s € [S2, 53], v(s) < v*(s) and

. - 1
E(s) > B*(s) = (E*(S2) = B(S2)) > B*(s) = —(S2 = $1)3% (B.8)
where the second inequality holds due to (B.7). Moreover, let s = S3 in (B.8), we have
- 1
E(S3) 2 B7(53) — —(S2 = S1)0%- (B.9)

Finally, for section [S3, Sy], according to Lemma 3, since 6(S3) < v*(S3), if F'(s)—F*(s) = 0p >0
Vs > S5, then there will exist § € [Sg, Ss + 5@ (E*(Sg) — E(Sg))] such that 9(5) = v*(8). Then d3
F

n (B.4) can be chosen as
93 = min {s|s > S5 & 0(s) = v*(s)} — S5 (B.10)

and thus 0(s) < v*(s) Vs € [Ss3,S3 + d3] according to point (ii) of Lemma 3. To guarantee that
S3 + 63 < 54, we can require

Sy + ;:: (E*(sg) - E(sg)) < Sy (B.11)

which can be guaranteed when 5; satisfies

_S4— 53
+<
O <Oy g (B.12)
because if condition (B.12) holds, then by the inequality (B.9), we have
1 S-S 6%
B < — 28y — °F (g, — B.1
(S3) — E(Ss) < (52 S1)0% < (82— 51)0p 55 m (54— S3) (B.13)

and thus condition (B.11) holds.

Summarizing the results in Stage 1, we can conclude that, given d,, for any 5; satisfying
condition (B.12), there exists a corresponding d3 defined in (B.10) that satisfies S5 + d3 < Sy, so
F(s) can be properly constructed. Also, the new solutions 9(s) and F(s) satisfy both the upper
speed limit constraint in (4) (i.e., 9(s) < Umax(s)) and the power constraint (5b) on [Si, S5 + J3]
because: 0(s) < v*(s) < vmax(s) Vs € [S1, 53 + d3], and thus according to (B.4), (B.5a), (B.5¢),
Prax > 0 and Py, < 0 (here we also assume o(s) > 0, which will be proved in Stage 2 later),

F(s) = F*(s) = Puin < F(5)8(5) < Puax, s € [Sa,S3) (B.14)
F*(s) < F(s) < 23 = P < F(5)8(5) < Prnax, 5 € [S3, 95 +d3).

Stage 2. In this stage, we show that, to ensure that the new solution (13'( ),0(s), E(s), 2(s), (s ))

satisfies the lower speed limit constraint in (4) (i.e., 0(s) > €), the travel time constraint (6d) (i.e.,
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t(Sf) —£(Sp) < T) and the relaxation constraint (16) (i.e., 2(s) > ﬁ), &7 should satisfy additional

conditions, and such a 5;5 does exist.

First, the lower speed limit constraint can be satisfied, i.e., 0(s) > € for all s € [Sy, S5 + d3], if

L min  E*(s) — ¢ (B.15)
= SQ — Sl S€[31753+53] 2 ’ )

This is because, for section [Ss3, S3 4 03], substituting (B.9) into part (iii) of Lemma 3, we have, for
all s € [53, Ss + (53],

B(s) 2 E*(s) — (E"(S3) ~ B(S5)) = B*(s) = —(S2 — $1)oF. (B.16)

1
m
By checking Equation (B.16) as well as Equations (B.6) and (B.8), we can see that the relation
. 1
E(s) > E*(s) = —(S2 — $1)d7 (B.17)
m

holds not just for s € [S3, S3 + d3] but also for s € [S1,S2] and s € [S2, S3]. Hence, it holds for all
s € [S1,S53 + d3]. Then, if (B.15) holds, we will have

- 1
B(s) =E"(s) - (82 - 51)5}
1
>E*(s) — in  E*(s) — =€
ZE(s) = | i, B~ 5
Z%ez, Vs € [S1, S5 + J3]. (B.18)

Since (s) is continuous and 9(S1) > e, so the relation E(s) > 1e? in (B.18) implies 0(s) > e,

which means that the lower speed limit constraint in (4) is satisfied. Note that there indeed exists
a 65 > 0 satisfying condition (B.15), because the term minge(g, g4, E*(s) — €% in the right-hand
side of (B.15) is strictly positive since v*(s) > € (and thus E*(s) > £¢2) holds for all s € [S1, S5+ 3]
according to Assumption 1.

Second, we show that there exists an appropriate 5;5 which can ensure that the new solution
satisfies the travel time constraint (6d), i.e., £(St) — #(Sg) < T, and the relaxation constraint (16),
ie., 2(s) > ﬁ

Since (F*(s),v*(s), E*(s), 2*(s),t*(s)) is the optimal solution of OCPgRs, then according to con-
straints (14a) and (6d), we have:

St
/ z2*(s)ds = t*(Sg) — t*(So) < T. (B.19)
So
Therefore, as z*(s) > v%(s) for all s € [Sp, St] (according to constraint (16)) with the strict inequality

holding for some s (according to the assumption we made at the beginning of the proof), we have

St 1 Sk
/ ds < / 2"(s)ds <T (B.20)
S S

o v(s) o

where the second inequality is from Equation (B.19).
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In addition, from condition (B.17), we have, for all s € [S1, S35 + 03],

. 1 R 2
E(S) > E*(s) — E(SQ — Sl>5?p_ = ’U(S) > \/(’U*(S))2 — E(SQ — Sl)d} (B21)
and thus
St 1 S1 1 St S3+3d3 1
/ Adsg/ Ads—i—/ ds+/ ds
5o 0(s) 5o 0(s) Sy+85 0 ()2 — 2(Sy — $1)d7F

511 St S3+63 1
:/ i ds+/ ds+/ ds.  (B.22)
sy v*(s) S5+85 U (8) S1 v ()2 — 2(S2 — S1)6%

where the equality holds due to 9(s) = v*(s) for all s € [Sy, S1] U [S5 + d3, S¢]. Since Lff m <T

according to (B.20), then there exists a sufficiently small 61’; > 0 such that the following condition
holds,

511 St S3+0d3 1
/ ——ds —I—/ ds +/ ds < T. (B.23)
Sq Y (s) Sz+65 V 51 ’U (s))2 — %(SQ — S1)5}_
Combining Equations (B.22) and (B.23) reads
St 1
~ B.24
f 7 (20
Therefore, by choosing
1 1 Sl 1
2(s) = = + T/ ~ ds>>A B.25
=36 " 55 ( s 1575 (B.25)

we have, according to (14a),

R Y AR A XS Chy A5 |

meaning the relaxation constraint (16) and the time constraint (6d) are satisfied.

Hence, we can conclude, there exists a sufficiently small 5;5 > 0 that satisfies conditions (B.5a),
(B.12) and (B.15), i.e

0<6f <min{ inf F*(s), 0n 51— 5 m min  E*(s) — ¢ (B.27)
F= Se[Sl,SQ) ’ F SQ — Sl 52 — Sl 86[51,S3+53] 2 ’
as well as condition (B.23), so that the time constraint (6d) and the relaxation constraint (16) are

satisfied.

Summarizing the results in Stages 1 and 2, we have that, under any (5;5 > 0 satisfying conditions
(B.23) and (B.27) above, (ﬁ'(s), b(s), E(s), 2(5),f(s)> is an alternative feasible solution of OCPRa.

Stage 3. In this stage, we prove that the new solution (ﬁ'(s),6(8),E(s),2(5),f(s)> yields a
lower objective function value (denoted as J ) than the original optimal objective value J* obtained
from the solution (F*(s),v*(s), E*(s), 2*(s),t*(s)).
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742 For the two solutions <F(s),@(s),E’(s),i(s),f(s)) and (F™*(s),v*(s), E*(s), 2*(s),t"(s)), inte-
73 grating both sides of (13a) from Sy to Sg, respectively, we have

St St St
mE*(St) = mE*(Sy) + / F*(s)ds — / 2c9E*(s)ds — / c1v*(s)ds
So So So

St
- /S (co +mgsin(a(s))) ds (B.28a)

0

St St . St
mE(Sg) :mE(So)—i-/S F(s)ds—/S QCQE(s)ds—/ c10(s)ds

o o So

St
_ /S (co + mgsin(a(s))) ds. (B.28h)

0

744 Subtracting (B.28b) from (B.28a), we further have

(P (s) — B(s)) ds =m (B*(Sp) — B(Sp)) —m (E*(S0) — B(50)
So
St

+ /S ™ e, (E*(s) ~ B(s) ) ds + / e (v*(s) — 8(s))ds.  (B.29)

o So

745 For the right-hand side of Equation (B.29), since E*(So) = E(So), E*(St) = E(Sy), v*(s) > (s)
us and E*(s) > E(s) Vs € [S1, S5 + 3], and v*(3) > #(3) for some 5 € [S], S3 + 83], so we have

St X
/ (F*(s) - F(s)) ds > 0 (B.30)
So
77 which, referring to the structure of F/(s) in (B.4), further reads
SQ R SS"F(SB ~
/ <F*(s) - F(s)) ds + / <F*(s) ~ F(s)) ds > 0, (B.31)
51 33

ne  Meanwhile, for the objective values J and J*, again referring to the structure of F(s) in (B.4) and

79 the expression of objective function value in (6e) and (17a), we have

A~

Jr—J
B (/SSQ - /53-1—63 -_ (F*(s),nregF*(S))dS> _ </52 F(s)ds + /SSB+63 max (F(s),nregF(S)) ds)

1 53 Sl 3
S3+63 . .

_ /S lsz (F(s) = F(s)) ds + /S 3 (max (F(5), g F* () — masx (E(s), megF (5)) ) ds. (B.32)
750 Substituting (B.31) into (B.32) yields
S3+03

J—J> - /3534-53 (F*(s) - F(s)) ds + /S (max (F™(s), MregF™* (s)) — max (F(s),nregﬁ(s)>> ds

3

- /g53+63 [(F(S) — max <F(5)77]regﬁ(3))) — (F*(s) — max (F*(S),nregF*(S)))] ds (B.33)

3
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For the term in the square brackets of (B.33), since F(s) > F*(s) for all s € [S3,53 + d3] and
Theg € [O, 1), we have

~

(ﬁ'(s) — max (F(S), UregF(S))> — (F*(s) —max (F*(s), meg F*(5)))

0, if F(s)> F*(s)>0
={ (1 = heg) (F<s) - F*(s)) >0, if 0> F(s) > F*(s) (B.34)
(Mg — 1) F*(s) > 0, if F(s)>0> F*(s)

meaning the term in the square brackets of Equation (B.33) is always greater than or equal to zero,
and thus J* — J > 0. This means J < J*, i.e., the new solution (F(s), (s), E(s), 2(8),f(3)> yields
a lower objective function value than the original solution (F*(s),v*(s), E*(s), 2*(s),t*(s)).
Combining the results from Stages 1 to 3, we have that, if the constraint (16) does not always
hold with equality, i.e., 2*(s) > v%(s) for some s, then there exists a 6 > 0 and a 83 € [0, S4 — S3]
such that the new solution (F(s),@(s),E(s),73(5),5(5)) satisfies all constraints but can lead to a
lower objective value. Hence, by contradiction, the optimal solution of OCPrs always ensures that

constraint (16) holds with equality. This proves Proposition 1. ]

Appendix C. Proofs of Lemmas 1, 2 and 3

Proof of Lemma 1. First, we prove part (i). For each location @ (including S5) on segment [S5, Sg)
that satisfies 9(Q) = v*(Q), we have F(Q) = E*(Q) and thus 22 E(Q) + c10(Q) = 22 E*(Q) +
c1v*(Q). Then, since F(Q) < F*(Q), according to (13a), we have

dE(s)
ds

- dE*(s)

o (C.1)

5=Q 5=Q

This means that, as E (s) and E*(s) are continuous, there exists a right-neighborhood (Q, @ + d¢]
of Q, 0o > 0, such that for all s € (Q,Q + dg], we have E(s) < E*(s). Therefore, because
#(S5) = v*(S5), we can never have E(s) > E*(s) on segment [Ss, Sg], and we have E(s) < E*(s)
Vs € [S5,56]. Combining v*(s) > € and E(s) < E*(s) Vs € [S5,S6], we have i(s) < v*(s) Vs €
[Ss5, S6]. This proves part (i).

Next, we prove parts (ii) and (iii) according to the law of conservation of energy. Given any

position s € [S5, Sg], by integrating both sides of (13a) from S5 to s, we have

mE(s) = mE*(s5) + [ PO~ [ 2eaBr (@~ [ envt(e)a
- [ (s mgsin(a(e)) ag (C.2)
mb(s) =mB(S5) + [ Py~ [ 2eaB@ac— [ i
Ss Ss Ss
—/s (co +mgsin(a(€))) dE. (C.2b)
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Since E*(S5) = E(Ss), by subtracting (C.2b) from (C.2a), we have

s

[ 1@ = s = m (£°(6) = ) + [ 200 (B7(6) - B©)) ae

Ss

5

4 /S e (v7(6) ~ () de, (C3)
Since for all s € [Ss, Ss), we have F*(s) > F(s), so the left-hand side of Equation (C.3) is strictly
greater than zero. Moreover, according to the proved part (i) in Lemma 1, we have v*(s) > 0(s) and
E*(s) > E(s) for all s € [Ss, S], hence the right-hand side of Equation (C.3) is greater than or equal
to zero. Therefore, for the equality in (C.3) to hold, there must exist some § € (S5, s] C (S5, Sg]
that satisfies v*(5) > ©0(3). Part (ii) is thus proved.

To prove part (iii), according to (C.3), v*(s) > 6(s) and E*(s) > E(s) Vs € (S5, Ss], we have

[ @ - p]aezm (5 - B6)). v (a5 (C.4)

and thus 1 s
Bls) = ()= | [F1(©) - Flo)] de. (C.5)
This proves part (iii). The whole Lemma 1 is thus proved. O

Proof of Lemma 2. Part (i) of Lemma 2 can be proved following the same logic of proving point (i)
of Lemma 1. Thus the detailed proof is omitted.

To prove part (ii) of Lemma 2, referring to Equations (C.2) and (C.3) in the proof of Lemma 1,
by integrating both sides of (13a) from S5 to s and subtracting one equation from the other, and
considering that F'(s) = F*(s) Vs € [S5, Sg), we have

s

B(s) = B°(5) + o [ 202 (B'© - BO) de+ - [ 1 (67(©) ~ 0(6)) dg — (B°(55) — E(S5))

m55 mS5

> B*(s) - (E*(S5) - B(S5)), Vs € (S5, 5]

where the inequality holds due to the proved part (i) of this lemma that v*(s) > 0(s) and E*(s) >
E(s) This proves part (ii) of Lemma 2. O

Proof of Lemma 3. To prove part (i), same as in Equations (C.2) and (C.3) for proving Lemma 1,
given an s > S5, by integrating both sides of (13a) from S5 to s and subtracting one equation from
the other, we have

s

m (B0 = B6) + [ 202 (7€)~ BO) d + [ 2 67(6) — o(6)) e

S5 Ss
-/ [F(©)  £(0)] e+ m (E7(55) — E(55)
= —5(s—S5) +m (E*(S5) — B(S5)). (C.6)
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Letting s = S5 + d5 in (C.6), where 05 = (E*(S5) (S5)), we have

m (E*(S5 +3d5) — E(S5 + 55)> + /555+65 2¢2 (E*(f) - E(O) d¢ + /;95+55 c1 (v (§) —0(€)) d¢
= — o0+ m (B°(55) — B(S5))
— 5. % (E*(S5) . E(S5)) +m (E*(S5) - E(S5))
—0, (C.7)

Then, considering that v*(s), 9(s), E*(s) and E(s) are continuous, and that ©(s5) < v*(s5) and
thus E(s5) < E*(s5), to make (C.7) hold, there must exist an § € [Ss, S5+d5] such that ©(3) = v*(3).
This proves part (i).

Part (ii) is readily proved, since v*(s) and o(s) are continuous and 9(s) < v*(Ss).

For part (iii), since 9(s) < v*(s) and E(s)

(C.6), we have

)
< E*(s) Vs € [Ss, smin| as proved, then according to

B(s) =B (5) + (s = §5) — (B°(55) — B(S5))
o 2o (@ - B©) s [ e - o) ds
>E"(s) — (E*(S5) = E(S5)) . (C.:8)
This proves part (iii). The whole Lemma 3 is thus proved. O

Appendix D. The MILP for solving the classic single-train eco-driving problem

The MILP is based on the formulation of NLPg;. Within NLPg;, there are three sets of
nonlinear constraints: (A.1d), (A.le) and (A.1g). To eliminate the nonlinearity in NLPg;, the
nonlinear term i in (A.1d) and (A.1g) (for (A.1g), Ppin < Frvr < Ppax can be written equivalently
as Ppin/vk < Fr < Puax/v) is approximated by a piecewise-linear (PWL) function, with additional
integer variables introduced. Similarly, the quadratic term v} in (A.le) is approximated by another
PWL function. Then NLPR; can be approximated as an MILP.

Increasing the number of linear pieces in the PWL functions can reduce the approximation error,
but it may significantly increase the computational burden. To reduce the approximation error while
making the problem solvable, we follow the technique introduced by Huchette and Vielma (2023)
to linearize the above-mentioned two nonlinear terms, where the number of integer variables is only
the logarithm of the number of linear pieces of the PWL function. This yields an MILP that can
be solved by off-the-shelf solvers to obtain high-quality benchmark solutions

In detail, to approximate the function - e given 2L +1 breakpoints (Uk LT ) le{1,2,---,2F+

1}, a mixed-integer formulation using a PWL function with 2L linear pieces is presented as follows:

2l 41
v = Z g Ugy (D.1a)
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2L41

1
fr = ; ak,zﬁ’l (D.1b)
2l 41

> =1 (D.1c)
=1

g1 >0 1e{1,2,---,2F + 1} (D.1d)
ok, € SOS2 le{1,2,---,2F+1} (D.1e)

where oy, are weighting parameters. The SOS2 constraint in (D.le) states that at most two oy,
le€{1,2,---,2% + 1}, can be non-zero, and if two are non-zero their indices [ must be consecutive.
For our numerical experiments in Section (6.1), we choose Ug; = € + (I — 1) (vmax i — €) /25

Similarly, the function vz is approximated using another PWL function. Given ol 41 breakpoints
((“]kj’ (Ysa , [ € {1,2,---, oL +1}, a mixed-integer formulation to approximate the function Uﬁ using
the PWL function is presented as:

2L 41

o= Y % Ukt (D.2a)
I=1

} 2l 41 }

fe="_ wiliy (D.2b)
I=1

2L 41

D =1 (D.2¢)

I=1

Yoy =0 le{1,2,---,2" +1} (D.2d)

v, € SOS2 lef{1,2,-- 2L 11}, (D.2e)

For our numerical experiments in Section (6.1), we choose L=LandU wi = Uk

With the above linearizations, the NLPg; is approximated to the following MILP:

N-1

min Z FifAsy (D.3a)
k=0
let1 —te
Ex = fi (D.3c)
Pminfk < Fk < Pmaxfk (D'3d)
(A.1b), (A.1f), (A.1h)—(A.1n), (D.1), (D.2). (D.3e)
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