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What is Eco-driving? S

Station A Station B
Depart: 8 a.m. Arrive: 9 a.m.

Y
AT T 7T 77T 77T 7777 7777 77 7

How to drive the train (i.e., control the power and brake) so as to

e Arrive at the station on time

* Consume minimum amount of energy



Factors Considered in Eco-driving: L€ &I L [1d[e]g

Station A Station B
Depart: 8 a.m. Arrive: 9 a.m.

Y
AT T 7T 77T 77T 7777 7777 77 7

| Speed Limit -
120km/hr

100km/hr

Terrain



Factors Considered in Eco-driving: LI Bl g e

Station A Station B
Depart: 8 a.m. Arrive: 9 a.m.

Y

N
Force | nax Tractive Force

\
Wking Force

Resistance (track and air)

> Speed



Result of Solving an Eco-driving Problem

Solving the eco-driving problem, we can get a speed profile that

e Guarantees the train
reaching next station
on time,

* Minimizes the
energy consumption

Speed

Station A

Location

Station B



Speed Tracking

Track condition Train characteristics Trip time

A

—\ Depart: 8 a.m.  Arrive: 9 a.m.

(Classic) Eco-driving problem :
I Actual speed profile

]/ \ Advisory speed profile
. l

Location Driver / Computer

l / Location

Control the power & brake

Speed
Speed




VYV Station B

Mainline Station A /C/ [L JE L :
Junction Slow line Loop 1
- What passengers see - What train operators/drivers see
| TrainY | Arr | Dep_ mm
Station A - 8:00 - 8:00
Station B 9:00 ) C [8:13, 8:17]
(platform 2) D (slow) 8:25 non-stop
E 8:35
F (mainline) 8:40

B (platform 2)  9:00 -



Station A Station B

* Train Y must not collide with train X
* The eco-driving of trains X and Y can be coordinated



Type of Eco-driving Problems

Track condition Train characteristics Trip time

'\: Depart: 8a.m.  Arrive: 9 a.m.

Y 3

Classic eco-driving problem

"""""""""" A - o

[8:13, I

8:00 . 9:00
8'17]/ 8:25 8:35 8:40
/ N— (W}

A - 2 B e RO S

With time-window constraints

at intermediate locations Coordinated eco-driving



Formulation of Classic Eco-driving Problem

S.t.

Sf
' F(s), F d
omn  mas{F(5), g (5))

dv(s) F(s)— [av(s)? + bv(s) + c] — mg sin a(s)

ds m - v(s)
dt(s) 1
ds  v(s)

e<v(s) <V(s)

F. < F(s) < Fpay
Poin < F(s)v(s) < Ppax
t(Sp) —t(S) <T

U(SO) — VO,U(Sf) — Vf

Optimal control
problem
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Formulation of Classic Eco-driving Problem

S

f
min max{F (s), UregF(S)} ds Total energy consumption of the trip
F(s):S€[So,S f] So

s: Location
F(s): Applied force at location s

Nreg € [0,1): Proportion of braking energy reused
So & S¢: Trip start & end position

12



Formulation of Classic Eco-driving Problem

S.t.

dt(s) 1

t(s): clock time at location s
ds v(s)

v(s): speed at location s

13



Formulation of Classic Eco-driving Problem

Resistance due to track & air

T Component of gravitational force
ot dv(s) dv(s)dt(s) F(s)— [av(s)? + bv(s) + ¢] — mg sin qc(s) 1
o ds dt(s) ds m N v(s)
J a(s): gradient
Train mass at location s

mg sin a ¢

14



Formulation of Classic Eco-driving Problem

S.t.

v(s): speed at location s
e < v(s) < TV(s) Speed limit constraint V(s): speed limit at location s
. small positive number

15



Formulation of Classic Eco-driving Problem

S.t.

Frin < F(s) < Fnax
Pmin < F(S)V(S) < Pmax

F(S) ! Fmax
WQ
0 > v(s)
/ Prrin/ 9(5)
Fmin

Power and brake capacity constraints

Frax: Pmax: max force/power
Frin, Pmin: Min force/power

16



Formulation of Classic Eco-driving Problem

S.t.

t(Sr), t(So): Clock time at trip end & start
T Scheduled travel time of the trip

t(Sf) —t(So) =T Total trip time constraint

17



Formulation of Classic Eco-driving Problem

S.t.

v(So) = Vo,V(Sf) = V¢ Required speed at trip start and end

18



Solution Methods of Eco-driving Problems

Sr
min j max{F (s), NregF (s)} ds
s

F(s):s€[So.Sr] Js, Optimal control
st dv(s) F(s) — [av(s)? + bv(s) + c] — mg sina(s) formulation
T ods m - v(s)
dt(s) 1 === - mm———————-—-—- S |
= ' Two main types of solution approaches
ds v(s) |

(1) Indirect method: Pontryagin’s maximum
principle (+ numerical method)

e <v(s) <V(s)

Frin < F(s) < Fpax
Poin < F(s)v(s) < Ppax
t(Sp) —t(S) <T

U(SO) — VO,U(Sf) — Vf

complex problems

1
1
:
1
1
:
. 1
— challenge to analyze, especially the i
:
1
(2) Direct method : via discretization !

1

1



S.t.

N-1

Sf
min | j max{F (5), NregF (s)} ds » mlnz maX{Fk»Ureng} Ay

F(5):S€[So.Sf

dv(s) F(s)— [av(s)? + bv(s) + c] — mg sin a(s)

k=0

ds m - v(s) Discretization
de(s) 1 =) ty —tg—y 1  Discretize the whole trip length into N
ds v(s) A, v, segments. Length of segment k is A,
e<v(s) <V(s) BY e<v, <V, tg-1
Fiin < F(S) < Fnax Fie—1
Pin < F(S)(5) < Pray o e e
t(Sp) —t(S) <T 1st segment m ﬂ/&
v(So) = Vo v(Sf) =V SIo | Loclationl | Slf

20



Direct Method of Solving Classic Eco-driving Problem

N-1

min Z max{Fy, NregFi } Ak Nonconvex
ko &=k=0 optimization

Vi — Vg1 Fr — (av,‘z‘ + by, + c) —mg sin oy,

St Ay m - v, &= How to solve?
tk - tk—l 1 .
= A I.  Use off-the-shelf solvers
k Vg
e<v, <7, - Cannot guarantee to find exact solutions

FminSFkSFmax

- PminSFkkaPmax

170 - Vo,vN - Vf
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Direct Method of Solving Classic Eco-driving Problem

S.1.

N-1
min Z max{Fy, NregFi } Ak Nonconvex

F _ .
k k=0 optimization
Vg —Vg-1 _ Fi — (av,‘z‘ + by, + c) —mg sin oy,

<& How to solve?

Ak m - vk
ty —tk—1 1 N _ _
A =7 Il. Approximate the nonlinear terms (= MILP)
K k
% - The solution is not the
eEsve sV 1/v
) ) same as that of the [k
FminSFkSFmax A \

nonconvex problem

< < :
Pmin < FiVie < Fmax _ More pieces — longer

tn—to=T computing time

170 - Vo,vN - Vf
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min Z max{Fy, NregFi } Ak Nonconvex
optimization

v — Vg Fr — (avi + by + ¢) — mg sinay,
s.L. A = ——— &= How to solve?
k k
by — k-1 1 . i -
—> = iii. Further discretize speed (and time)
k k

= - Similar drawbacks to Method i

Source: Haahr et al. (2017) Source: Zhou et al. (2017)
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Direct Method of Solving Classic Eco-driving Problem

N-1

min z max{Fy, NregFi } Ak Nonconvex
ko &=k=0 optimization

Vi — Vg1 Fr — (av,‘z‘ + by, + c) —mg sin oy,

S.t.
Ay —— &= How to solve?
» tk - tk—l . 1
Be vk We aim to:
e < Vg < Vk

« Solve this nonconvex problem to exact
solutions, and

Extend our method to solve the more
complex eco-driving problems

FminSFkSFmax

- PminSFkkaPmax °

170 - Vo,vN - Vf

24



Our Solution Method: Step 1 — Reformulation

N-1
n}}cnzk:() maX{Fk; 77regFl’c} Ay

U = Vk—1 _ Fr — (av,‘z‘ + by, + c) —mg sin oy,

S.1. -
Ak m - Uy
» tk_tk—l_ 1
Ay vy \Lit Zie = 1/v1
SskaVk tk_tk—l LetEk =v,%/2
= Zy
FminSFkSFmax Ak
- PminSFkkaPmax
ty —to < T Ek—Ek_l:Fk—(aEk+bvk+c)—mgsinak
Ak m

Vo = Vo,vN = Vf

25



Our Solution Method: Step 1 — Reformulation

N-1 L Can be solved to
minz max{Fy, MregFi} Ar Original: NLP g4 exact solutions by
k=0

Fp
s.t. Ex —Ex-1  Fr — (aEg + by + ¢c) —mgsinay Ex = vic/2  Solution

Ay m

be = k-1 _ McCormick
Ay ‘ But can be relaxation

e< v, <V faster !

Finin = F = Fmax + )

B P, < Fyvp < Ph.x —> Bilinear Ex = vic/2
ty —to < T Constraints

spatial

vg=Vy vy =V,
o TN branch-and-bound

= 7 = 1/v
= £ = vi/2

26



Our Solution Method:

Step 2 — Relaxation

N-1 . .
minz max{Fy, nreng} Ay <( Original: NLP p4 J
k=0

s.t. Ex —Ex-1  Fr — (aEg + by + ¢c) —mgsinay

A
tk—tk—1=Z

Ay k
e<v, <V,
FminSFkSFmax

» PminSFkkaPmax

ty —to =T
vy = Vo, vy = V5

= 7z, = 1/v, relaxed |

= £ = vi/2

m

The optimal solution of the relaxed problem
is proved to satisfy z;, = 1/v,,

[ Named NLP g, ]

~/
Zx > 1/Uk

27



Our Solution Method: Step 3 — Valid Inequalities

N-1 . o
n;inz maX{Fk:nreng} Ak<( Original: NLP p4 J
k L=dk=0

s.t. Ex—Ex-1_ Fr — (aEx + bvg + ¢) —mgsinay E, =v}/2
Ay m
tg — lk—1
A,k NLPg, can be further sped up by
e<v, <V, adding two valid inequalities (VIs):

Finin = F = Fmax
» Prin < FxVx < Pnax

_ >
tyn—to =T Relaxed: NLP g, ] (+) Ex Uk/z
UO - Vo, UN - Vfl d
reiaxe
- Zp = 1/vk Zy > 1/Uk NLPRZ + VIs: NLPR3 ]

= £ = vi/2

> (+) PpinZk < Fx < PhaxZx
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Case Study: Scenario &

Scheduled trip time: 540 s
\ Solver: Gurobi 11.0

Speed limit: 140 km/hr

Gradient: O

—0.04

: _ > Distance (km)

0 9.01 14.20 15.02
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Case Study: Results

MILP with 32 pieces NLPg; (original)  NLPg, (relaxed) NLPgrsz (R2+VIS)

Instance
Ctime Gap Diff Ctime Gap Ctime Gap Ctime Gap
(sec) (%) (%) (sec) (%) (sec) (%) (sec) (%)
N= 170 146.43 0 121 3.01 0 2.71 0 0.89 0
N= 320 3600.69 1.7 - 8.54 0 5.65 0 2.68 0
N= 395 3600.57 - - 135.25 0 10.53 0 3.32 0
N = 520 107.27 0 13.48 0 4.43 0
N= 770 3600.71 0.1 35.12 0 11.58 0
N = 1020 3600.55 0.1 80.69 0 19.29 0

Ctime: computing time
Gap: optimality gap when the solver terminated
Diff. difference of energy consumption from the NLP result
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Conclusion, Extensions of Our Method, and Future Directions Q@b

e Conclusion: via reformulation, relaxation and valid inequalities, we developed
a (more efficient) method of obtaining the exact solution to the nonlinear
optimization problem for the classic single-train eco-driving problem

* We have extended our method to solve the eco-driving problems with:
* Intermediate time-window constraints on a single train;
* Joint eco-driving of a fleet of trains under green-wave policy for fixed-
block signaling

e Possible future directions
* More general signaling constraints: general fixed-block signaling with
signal-dependent speed limit; moving-block; virtual coupling
e Eco-driving under stochastic factors

31
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